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ABSTRACT 

We present foritulae and nuaerical results for the gravitatit-nal 
radiation emitted durinjE a low-deflection encounter between two 
cassiw bodies ("gravitational bret strahlung") . Our results are 
valid through post-Newtonian order witliin general relativity. We 
discuss in detail the gravitational waveform itransve-se-traceless 
part of the metric perturbation tensor), the total lut.. jSJv-' and 
total emitted energy, the angular distribution 0 ‘ emitted incrgy 
(antenna pattern), and the frequency spectrum. We also present a 
method of "boosting" the accuracy or these quantities to post-3/2- 
NrvT,.r.ia- order. A numerical comparison of our results with those 
of r’etrrs and of KovSes and Thorne shows that the post-Newtonian 
method is reliable to better than 0.1 percent at v • 0.1 c, to a 
fe- peicea: at v •• 0.35 c, a-nd to 10-20 percent at v - O.S c. We 
also compare our results with those of Smart. 
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I. INTROTiJaiON AND SU>*»ARY 

The emission of gravitational radiation by massive bodies 
moving in high-velocity, low-deflection unbound orbits - gravita- 
tional breasstrahlung — has recently been suggested as a possible 
source of radiation, detectable in principle by doppler tracking of 
interplanetary spacecraft (Esiabrook and Wahlquist 197S. Thome and 
Braginsky 1976). Several studies have been made of the nature of 
gravitational bremsstrahlung, each starting from a different point 
of view and making different assumptions. The pioneering analysis 
is that of Peters (1970), who studied perturbations of the 
Schwarsschild geometry by test particles moving with arbitrary 
velocities in large- impact-paiancter orbits. >totrner and Nutku 
(1S74) focussed cm the high-frequency behavior of the biuasstrahlung 
spectrum of ultrarelativistic test particles in the Scharischi id 
geometry using the method or virtual quanta. Smarr (1977) calcu- 
lated the rcrc frequency limit of gravitational hremsstrahlung pro- 
duced by a lest particle moving with arbitrary velocity in the 
field of a massive body. Peihaps the definitive analysis of gravi- 
tational hremsstrahlung has been performed by kov£cs and Thome 
(1977a, b, hereafter KTa, KTb) based im the post-linear formalism 
developed by Thome and kovacs (1975) a.nd Cr.iuley and Thome (1977) 
Their analysis treats bodies with arbitrary masses and artitrary 
relative valocitics. while maintaining lU condition of si all-angle 
deflections. Their formal results may be written very elejantly 
(albeit in very lengthy and complex fora) in terms of frane • 
invariant quantities. In the special case of test-particle 

their results are in coaplete auxcrical agreement 


breasstrahluag 
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with Peters (see also SIX). Unfortunately, because of the coii^lex- 
ity of both sets of forailse, a direct analytic coeiparison was not 
possible (KTb). 

Our i;oal in this paper is soeewhat nore eodesi. Ke present and 
discuss a detailed aralysis of the segi -relativistic liait of gravi- 
tational brensstrahlung, using the post-Ntwtor.ian eethods developed 
by Epstein and Kagoner (197S) and by 'a'agoner and Will (1976, WW 
hereafter). The post-Ncvtonian technique has a variety of advan- 
tages. Like the KT nethod, it allows particles of arbitrary nass. 
Unlike the kT nethod (or Peters’ cethod), it is very simple; the 
fom for the transverse traceless components of the aw.tric perturba- 
tion h^ {’’gravitational wavefora”) requires only half a docen full 
lines of Astrophysical Journal type (cf. eq. (16)), fztd makes use of 
faniiiar .Kewtsr.ian variables. Its limitation, the restriction to 
”post-Xewtonian" velocities, is only one of principle. For most 
astrophysical purposes, a restriction to velocities smaller than 
about one-half t’.. peed of light is undoubtedly adequate, since 
potential bressstrahlung orbits inside bound systems (such as 
globular clusters or g.il3ctic nuclei) satisfy a virlal relation of 
the form v^ C.M,'R. On the ether hand, stability arguments indicate 
tliat the most relativistic of such systems must satisfy GM/Rc^ < 
0.5. Ihus we feel the post-Sewtonian technique gives more reliable 
estimates of the nature of gravitational brensstrahlung in astro- 
physical contexts than can be obtained from a .Vewtonian 3n,alysis, 
anJ yet avoids tlus unnecessary complications of ultrarelativlstic 
formulae. 

Wo begin with a brief summary of the important results. Our 


• <. 
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starting point is the post-Newtonian gravitational waveform given 


by NW (eq. [97]); in a frame in which the center of mass of the 
system is at rest at the origin, it has the geneial form^ 

^Wc use units in which the speed of light c and the Newtonian 
gravitational constant G are unit). 


h^ - (2Bjn2/Rb)lN^^iv_(6m/c)(Pj^2.N)‘^*^v.^(PW)^^) , (1) 


where m^, m^ a.nd m > n^ * a, ar» the masses cf the '.r.<dies and the 
total nass of the system, R is me distance between the observer 
and the center of mass of the system, b > a is the i^qiact paraneter 
of the two-body orbit, is the relative velocity of the t*m> bodies 
at iafimite separation, and 5m • m^ - m^. The terms 
and (PX)^^ represent respectively the Newtonian, post-l/2- Newtonian, 
ar.d post -Newtonian contributions to the waveform. They depend in 
general on time, on the reJuced nass u ■ *1*2^" **'* orient i- 

tion of the orbit relative to the observer’s direction. An impor- 
tant goal cf most brensstrahlung computations is the derivation of 
such gravitational waveforms since it is these waveforms that are 
detected in spacecraft tracking and in other broad-band detection 
schemes. Thus we have evaluated explicitly the two independent 
coaporents of detected by distant observers, the “plus-polari- 
lation", h^, and the ’’cross-polarizxtion", h^, as functions of time 
(see SIX for detailed definitiims) for a variety of brensstrahlung 
situations. Figure 1 shows the results for the case m^ ^ (see 
SIX for ar. additional interpretation ef this case) for *■ 0 (the 


S 


Ne«toni«n li.it) and for v, - O.S. The wavefonns and are 
plotted in units of (Ja^.^/Rb) for various observer locations 
relative to the orbit. Tiae is plotted in units of the interaction 
tine T - b/v,, kith t - 0 coincident with the aoaent of closest 
approach. Figure 1 indicates clearly the front-back asyaactrv of 
the waveforns that develops when v^ - O.S; this is a manifestation 
of relativistic "beoaing" of the radiation. Store detailed discus- 
sion of these curves is given in SSII and IX. 

We have also calculated the gravitational luminosity of the 
system; it should te noted that the lumnosity has a clear meaning 
only when averaged over several wavelengths of the radiation, whereas 
the breasstrahlung process emits a single burst of length M making 
such an average impossible. .Vcvertheless. many interesting features 
of the radiation are revealed by a study of the formal liarinosity, 
given by 

d.T 5’r I 17* nr > • (2) 


From this luminosity, one can calculate the angular distribution of 
the total radiated energy ("antenna pattern") 


d(«E 


dL 




dt 


(33 


Figure 2 shows the resulting antenna patterns for various velocities 
(V. ' 0 (the .Vewtonian contribution], v^ . O.S) and masses (a^ >a^. 
Ej - Bj) and compares those with the corresponding electroaagnetic 
breisstrahlung antenna pattern for v_ » O.S. a, > Bj (Fig. 2(d)] 

(see iSlX and X for further interpretation of those patterns). For 


*1 ^ *2’ ^**^'^**** there is bcaaing in the direction of 

travel of the less massive ojbect (Fig. 2(c)] . If a^ • a^ as v^ 
increases there is "beaaing in both directions'*, l.e. e broadening 
of the lobes in the forward and backward directions (Fig, 2(b)], 

In all cases (and in the electroaagnetic case) aost of the energy 
is radiated out of the orbital plane and nearly normal to it. 

The post-.N'eutoaian method makes errors of order (post-d/2- 
Newtonian terms) in the waveforms W® have made direct 

numerical comparisons between aur results and the Kovacs and Thome 
results (an analytic coaparisen was not possible), and have found 
complete egresnent within errors of order 0.1 percent at v^ • 0.1. 
a few percent at v^ • 0.3S and 10 to 20 percent at v ■ O.S. in 
other words errors of 0(v^^). Peters (1977) has examined the post- 
^**^onian limit of his foruilae and has found ccaplete analytic 
agreement with us for the case a^ > Sj. 

We have alro tested the validity of our results by showing 
that the post -Newtonian waveforms embody the rather reaarkable 
"universality" property di.'covercJ by kovacs and Thome (1977a), 
They found that they could write the gravitational wavefaras h^ 
in a fora that depended upon the masses Bj and a^ only via the 
overall aultiplicative factor b^Bj that appears in equation (1), 

In other words the amplitudes ii^ • (Rb/2ajB,)h^ were universal, 
i.c., indepen<2cnt of tho acisscs. Vhen speci 4 li:ed to a chDscfl 
fraax of reference for explicit cosputetion. the> found the wave- 
forms depended only upon the velocity of the chosen frame relative 
to the frasie located at the Bid*point of the sep&ratimi of the two 
bodies (cer.ter-of-velocity frame). ^ We verified this property by 


^rougho>it this discussion, statenenis such *s rest-fraae, certer- 
of-velocity fraae tnd so on refer to the unJeflected, straight-lino 
orbits or the bodies. — 

rederiving th*? gravitational wavcfor* In a fraae in which the 
centcr-of-»clocity s»ves with velocity V and found that the wave- 
fern depends eniy on V. not on and The apparent Bass 

dependence seen in the c .•nier-of-mass (CMl systea (eq. [1]), i» 
aerely a consequence of the fact that in that fraae. the center of 
velocity aoves with wss-dependent velocity jvl ■> b(£«/*)'V 

uiiversality has several isiportanl consequences. Because h 
depends only on the chosen fraae. then the wa-.eforos shown in 
Figure 1 can also be interpreted as wavefoms observ'ed in the rest 
fraae of body 2 (since the center-of-aasi fraac ^ rest frate 
of *2 ^ “l^ for arbitrary laasses Bj and Th*s additional 

interpretation also applies to the antenna patterns shown in , 

Figure 2(c). The equal-aa-ss ante.nna pattcii. shown in Figure 2(b) 
can be reinterpreted as a pattern observed in the center-of- 
velocity frame (since the ccnter-of-nas$ coincides with the center 
of velocity). The Newtonian pattern shown in Figure 2(a) is 
autosatical ly universal. Although sost of the results of this 
paper will be expressed in the center-of-»ass fraae for specific 
mass ratios m./m,. they all have equivalent interpretations as 

i A 

results valid for arbitrary aasses. but viewed froe suitably chosen 

» 

fraaes (see Tabic I). 

Another conscqiience of universality is that it provides a 
method of isprovmg the accuracy of the post-Newtonian results from 


pest -Newtonian order to post-3/ 2-Sewtoni an order. In $X we apply 
this "trick” to the luainosity dL/dll and to the entenna patterns; 
the patterns shown In Figure 2 were in fact computed using this 
trick, and are accurate through 0(v^ ). 

The lest of the i~»per is devoted to details. In $11 we discuss 
the assm^tions and notation of kW and derive for*ilae for the 
gravitational wave forms h^(») and outline the 

nethod for perfotnirg a aultlpole analysis of the waveforms. 

Sections III-VIIT contain detailed discussions of the gravitational 
luminosity dL/dC. the the antenna pattern d(dE}/dQ. the 

frequency spectrur. of radiated energy J(5E)/dO and its laro-fre- 
quency limit dI«E(0)]/dO (Smart 1977). and the total radi-ted energy 
5t. In SIX we analyze the property of universality in detail, and 
in SX we use this property to boost the accuracy of the post- 
Newtonian method by means of exact Lorenti boosts. We give con- 
cluding resarks in SXl. Explicit formulae for the tensor spherical 
harmonics necessary for carrying out a miltipole analysis of post- 
.Newtunian bremsstrahlung are given in the appendix. 



II. GRAVITATIONAL WA\'£FORMS 

Gravitational breasstrahluns i* th« high velocity, low- 
deflection encounter between two massive, unbound objects. Speci- 
fically, this means t.Sat v ^ ^ m/r . , where v is their relative 

• Bin • 

velocity at large separations, m is their total mass and r . their 

Bin 

Biniaua separation. To Newtonian order the energj- per reduced 
mass, E, is given by 

yj - 2E . B(e-l)/r^^„ . (4) 


so that the bremsstrahlung assumption is satisfied by systems with 

large Orbital eccentricity (e ► 1). In usual astrophysical situs- 

tions U A. m/r a.nd v‘ are related by virial theorems that imply 

U V . That is not the case here as U ‘w si/r . < v^ “w v ^ In 

mm • 

the standard post-Newtonian analysis of h^ (Epstein and Wagoner 
1975) quantities are expanded to the same order in U and v^. For 
the bremsstrahlung process we expand to one order in v^ past 
Newtonian order, to Newtonian order in U (as U < v“) and to first 
order in l/o. Wagoner and Will (1976) have derived the formula for 
h^ in the bremsstrahlung process under these assumptions. 

Wo shall sumeariie the main points of their work and then pro- 
ceed from their expression for liji. Let r be the vector from Oj to 
"l* II relative velocity of m^ with respect to m^, b the impact 

parameter (• r^^^ to lowest order in 1/e), and the magnitude of 

V at r ■ - to lowest order in 1/e (v ^ . em/b). then t.he constants 

* 

of the cotion E (• cnergy/p) and J (• angular oomentua/p) through 
post-Newton}an order a.nd to first order in 1/e are 
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L«i the observer be st rest with respect to the certer of uss ani 
be at Mn observatior point specified by the direction. 


n • e^ sinOcosd * e^slnSsinf * e^cos6 , 


and by R, the distance fros the -enter-of-nass. 

The coordinate systes used thro*ighout the calculation is shown 
in Figure 3. Jjote: extrene care should he taken when cot^aring 

brcRsstrahlung calculations of different authors as alaost every 
author employs a different coordinate systea. 

The foraula for to post-Sewtonian order in to 

Newtonian order in m/h, and to first order in 1/e is (KV eq. [97]) 

- (2y/R)[2v,^6^''6j>'ll-(6n/a)v_ny*i(l-3u/B)v^2(l*2ny^)] 
♦ (4X^^6^^^-2cosxf*f^)*Ce*^v^^6a/a) 


« (5cosx(n-T)(2f^^6^^y.sinxtV)-25^V^(n.X) 

- ny(4X^*5^^^-cosxtV)J*(e*‘vJ){2[3«(3-sin^X)l./»l>^V^^ 

- 4 (4-u/*)cosx4^^4^ ^-3 ( l*cos“x(w/«) ] cosxt^f^ 


♦ 4{2-u/a)co$xsinxt^^4^^^» j (l-6y/a)cosx[2d^V’' 

- (l-3sin^X)f^^-*»i'»X^^*«^^’'l* j(l*3w/a) 

>« (12ny(n.£)6*V’^*l2ny^ik^^4^^^-2ny^cosxt^f^ 

- 4ny(n*t)cosxf«f^^4^^’'-3sinxt^tj) 



- (n* t ) ^cosx (144^’'d^ ♦ ISsin^X?^^^ 

- SOsinyf^V^^)!}] ^ . (16) 

The variables In equation (16) arc to be evaluated at "retarded 
tine" t - R. The IT indicates the trxisverse-traceless part given 
by (Epsteir and hagoner 197S) 

hrr-h^jp t- P . 

P*‘‘ - 4^*^ - nV . (17) 

Coadiining equations (IS). (16) snd (17) gives 

» h^ » -h^ - j(l*cos^ 6 )cos 29 (h“-h’^) 

• j(l*cos^e)sin 29 - jsin^6(h’“*h’^) , (li) 

h, a - cos6[cos 24 h*^ - jsin2>(h“.h’^)J . (19) 

When equations (18) and (19) are evaluated we obtain 

• (2*^a2/Rb){N^ ♦iv,(6n'B)sin8(Pj .^IC)^ 

•jvJ(W)^l . (20) 

h, ■ (2a^»2^Rb)co$e{Xjj* jv^(ea/«)sin9(Pj^2N)j| 

♦jvj(«0,} . (21) 

N^(N^ is the Newtonian*order contribution to h^(h^) *w 0(1), 
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post-l/2-order contribution to *v. 

°(v^. and (PSJ^ICPNJ^J is the post-Xewtonian-order contribution 


N, • -H»':os^e){icos2»(Cj*2C3).sin2*(Sj.S3)}.isia2eCj. (22) 


- -2cos2nSj*Sj).sin20(Cj*2Cj) , 

^*’1/2^^* “ 7 ('*C‘>*^9)<-cos3^(6Sj*5Sj*12Sj) 

♦ »in3A(2C,-Cj*12C5)+cosd(2Sj-Sj)-sin«(2Cj-Cj)} 

* »in^e{-cos«(2Sj*3S3).sinb(2Cj.3Cj)} . 

^**l/2**^x ■ ‘^°®^‘>(^l*C3*12Cj)*sia3J(6Sj*SS3*12Sj) 

- cos«(2Cj-Cj)-sir4(2Sj-S3) . 


(W)^ ■ J (l*cos^e){2cos20(3Cj*3ACj-2AC5) 

4sin2^I (3»2ii/B)Sj-ASj»A.SjJ }*sin^0{BCj* j (23-3u/»)Cj> 
♦ j Asin^e (l.cos^9) { i COS4C (2Cj ~CyU>C^* 40 C^) 


* $in4$(4Sj*3Sj*2Sj«2CS^)-cos2ii(2Cj*3Cj-2C3) 


- 2»in2b(2Sj.Sj-S5).i(eCj*5C3)} 

♦ jA»in*e{cos2o(2Cj-C3»10Cj) 


• 2sin2«(2Sj»2S3*5S5).^(6Cj.SC3)} 


(26) 



(W)^ - -4cos26{(3*2w/*)Sj-ASj»AS5>-2sii»26(Kj»3ACj-2AC5) 
♦Aiin^e(cos46(4Sj*3Sj*2Sj*20Sy) 

- j sin46(2Cj-Cj-16Cj*40C2)-2cos26(2Sj*Sj-S5) 


. $in26(Xj*3C3-2C5)-Sj) . (27) 

uhere 

A - l-3y/» , B - S-4u/a , (2i) 

C„ - cos"x - {l*(t/T)^}*"{^ . • (29) 

- sinxcos“'^X • (t/T){U(t/T)^}''^^ , (30) 

^ • (31) 


The constant ter* (independent of ti*e) in equation (16) has not 
b en included in the expressions above since the quantities of 
physical interest involve the tine-chanfins Aspects of h||. 
he have chosen to express as 

jyj. « h^(6©| - ;•$) ♦ h,(6«; ♦ ;©8) ; (,2) 


one could have chosen to express ^ as a sun of tensor spherical 

han»n<cs (Nagoner 1976; ve use the convention introduced by Thorne 
1977) 


si - u 

IX 


r»2ij , 

Lm' 



The ai^litudes a' 


are related to h^ and h^ by 


(Q]<ta 


- ^/ (H. * h. . C5,) 


The "electric" end "aagnetic" tensor spherical harooni.es, T^y^ 
B2 

and T are given in the appendix for L ■ 2, 3, and 4. The 
Newtonian order terns (X^ tnd N^) contribute only to 
(electric quadrupole). The post-1/2 order teras 
cont:ibute to both a' 


B2 


2M 


E2 

and A The post-Newtonian- 


ordor tens [(PX)^ and (PNl^l contribute to A^*^, A®"^^, and A^‘^j_,. 
The wave fora h^ has the s/csetry properties 

hj.jCT-e.B.t) - th^jj(8,|.t) , 


h^(v-6.e-o,.t) » h^(0.d,l) 


( 35 ) 


so that the wavefcrai h^^(t) and h^(t) in one quadrant cos^letely 
specify over the whole sphere of observation. Figure 1 displays 
the waveforBi h^ and h^^ (in units of 2ajB.,/Rb] in one quadrant for 
■ ^ «j (by universality ® waveforas in rest fraae of for 
arbitrary suss ratio) and v^ « 0 and v^ ■ O.S. The v^-depcnJence 
of the Newtonian order contribution (2aj»j/Rb) is factored out, so 
h^ and h^ for v^ • 0 are just the Newtonian contributions (N^ and 
cosflXj^). The waveforas in Figure 1 are displayed at 45* intervals 
in the orbital plane, in a plane tilted 45* out of the orbital 
plane and intersecting the orbital plane along the y-axis,'and in 
a plane perpendicular to the orbital pla.'.e and intersecting the 
orbital plane al«.g the y-axis (the y-i plane). At differe.nt 


observation directioiis the character of h^ (or h^) is either step- 
like, pulse-like or a linear coabination of the two. The shape of 
h^ (or h^) in a given direction is soaewhat arbitrary. An observer 

♦ A 

in the save direction using a different basis, 6* and 0*. will see 
different cavponents h^' and hj^*. The key point is that the wave- 
fora h.,.j.(t) is a coabination of a step-shape and a pulse-shape. 

The Newtonian and pest -Newtonian contributions to h|^ depend 
on sines ar.d cosines of even nultiples (0. 2. and 4) of while 
the post-1/2 contribution to dcptuids on sines and cosines of 
ndd nultiples (1 and 3) of t. , In the forward (6 ■ 'i/2, # > v/2) 
arxi backward (6 ■ v/2. p • -a/2) directions the Newtonian and post- 
Kewtonian contributions are the suae, but the post-1/2 contribution 
changes sign. The post-1/2 contribution is proportional to 6m/m, 
so if y a^ there is a front-back asyauetry, i.e., beaaing; if 
a^ ■ a., there is no beaning (rore correctly there is beaairg in 
both diiections due to the post-Newtonian tern). The bea&ir.g is in 
the direction of notion of the lighter body. In Figure 1 where 
6m,'a - -1 beaaing in the forward direction (4 > 0} is apparent; the 
arplitude of h^ (or h^) is greater for 0 ( ^ C') and 0 than the 
corresponding ciqilltude for -4 ( ^ 0] and 6. 
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III. LUMixosm dL/da 


- 2cos24(Cj-3Cj)-»ln20(Sj*6S5) 


(40) 


The energy emitted in gr«vit«tion*l waves per 




solid angle is given by 


-I. jd.1 !!!ii ) 

® J2» 3t 3t 


(56) 


where the brackets Indicate an average over several wavelengths. 

As noted earlier, in the breasstrahlung process the energy is 
released in a burst of length -v. t ( - b/v^), so this averaging 
process is not possible. Therefore the formal significance of 
dL/dn is not clear. We will present the formula for dL/d2 with 
that caveat . 

Ke can write 3h^3t in the same fom h^ was written in 
equations (20) and (21) 

3h,/3t - (2ajm2/R)(vj'b^)(S^ * J''- ^ 

. (37) 

ah^at • (2a^sij/R)(vyb^)cos6(.\g ^ sin6(Pj^2S)^ 

•jv^2(PN),> . (3S) 

where dot (*) means a/a(t/l). The Newtonian, post-1/2, and post- 
.Vewtonian tens are S. (P,’ N) . and (PN) respectively, given by 

i/ ♦ 

* 

- (l*co$^e)(icos2^(Sj*6Sj)*sin2>(Cj-3Cj))» jSin^eSj. (39) 


(P^^*2>l)^ wy (l*cos^0)(cos39(4Cj*33C5-6OCy)-sim39(2Sj-3Sj*6OS^) 

♦ cos9(4Cj-3C5)*sin«(2Sj-3S5)> 

» sin*9{cos9(4Cj-9C5)-sin«(2Sj*9S5)} . (41) 

(Pj' 2M)„ “ -cos3»(2Sj-3Sj»60S,)-sin34(4Cj*33C5-60C^) 

♦ cos9(2S3-3S5)-8in4(4C3-3C5) . (42) 

(»}„ -i(l*cos^0){-2cos2»(BS3»9AS5-lOASy> 

- 4iin29(BCj-7AC5*5AC^) )-sin^6 (bS^* (25-3u/n)S5) 

» j Asin^6(l*cos^«) (- j cos49(2Sj-SS5-«0S,*2MSj) 

- sin49(2Cj- C5*110C7-140 Cj)*cos2»(2Sj*9S5-10S^) 

- 2sin2«(7C5-5C7)- j (2S3*5Sj) } 

*iAsin^0(-cos20(2Sj-3S5*S0S,)-2sin2»(2Cj*14C5-2SCy) 

* (2SJ.SS5T} . (<3) 

(ri«)_ - -4cos29(BCj-7AC5*SAC7)*2sin24(BSj*9ASj-10AS7) 

* Asin^e{-cos49(2Cj-C5*110C^-l40Cj) 

. ^ *ln4#(2S3-3S3-MS7*2SCSj)-2cos29(7C5-5Cj) 

- sin2dt2Sj*9S5-10S^)»(2Cj-3C5)> . • (44) 

/; 



Combining equation (36) for dL/dC and equations (37) and (33) 
for we obtain 

^22 

■ E [(S.^cs *«»,'). ^v. S 

- cos^6fPj,X)^^]*[N^(PN) .cos^ex^(Wl^]}j . (45) 

♦ 2 

The "N' -tcras'* are the Newtonian-order contribution; the ”!<• (P^^jX)- 
teras" are the post- 1 border contribution, and the •'(P,*^*'')*- 
teras" and the "S- (Ai)-teras” comprise the post-Xewtonian-order 
contribution to db/dQ. 

Much algebraic strength is required to pli.g ejqiressions (39)- 
(44) into equation (4S) for dU/dQ; however, it is a simple task to 
evaluate equation (45) for dL/dSl numerically. To illustrate the 
result, we show in Figure 4 the tiae evolution of dL/dC in the 
orbital plane for =j - «j (by universality » the pattern seer, in 
the cer.ter-of-velocity fraae) and >• ( s the pattern seen in 

thr rest fraae of m^) and v_ * 0.5. In Fig. 4(a) (m^ > m^). as 
tine evolves, the quadrupole pattern present at t ■ 0 rotates 
counterclockwise (as r does) and t.he lobes along the direction of 
action of Bj and n^ become dominant so that the nattein becomes 
almost dipole-like. In Fig. 4(b) (a^ > m^) the lobes in the 
direction of mj's motion « « 90) are en.Ha.nced and are pushe,! 
forward (beaaing) at t - 0; as tine evxlves this pattern also 
rotates coiintcrclockwise and the lobe along a^'s direction of 
notion becoaes dooinant. Note, dUdC has the symmetry property tn 


the orbital plane that diydQ (t-#,t) - dt/dQ (4,-t); so dL/dC for 
t < 0 can be obtained by reflecting dL/dd for -t > 0 across the 
line ♦ » 90. The results for *2 ^ '***^* »ctually computed usimg 

3^ "trick*’ describiat in fX. Both luminosity patterns are accurate 
through 0(v^^). 



IV. P0»,^ 


r*<ii*ted ptx unit tiae fooweri {« 

iiae (power] in iraviutionni 

waves is given by 

P(t) - / dL/da dQ . 

(46) 

Once .gain the sane regarding the p.hy.ici ne«ing of this 

«iwantity applies, hhen equation (4S) i, integrated over solid 
angle we find 

wh«e A(t) is the Ncw.onian contribution, and BCt) and C(t) are^ 

the post..vewtonian contributions to P(t). Eapressicn B co.ntains 

«»e ••(P,,,.sr-ter«.. c contains the -N- («,. terns-. „,ere is 

- post-V. contribution to the power. Hapressions A. B. and C are 
given by 

* • (32v/15)cos'*x{1*iicos^X) * 

(48) 

» - (S12*/105)cos^(,m1co,V ^ cos^X) . (4,. 

C . -(M1I/IOS)COS X tW-2I-./«).(2ga-27Su/«)co»^X 

- (44I.163v/n) cos\) . 

(SO) 

Evaluating equation (47) we find 

'<«) • (-/■5)(.,VV/»‘)-.',((...U„^X) 

* 7 (•**- ISU/*) - (287-2i4u/B) cos‘x 

(2061-lS60u/n)cos\)} 

^ (51) 


2c 


I. H*.- S .. h.„ 

ot rnm umiUr m>, ni, . 1 . « 

•« . 5 . V..U. M ... • 

tkar do«. „ a,., ...u 

t. «,K ^ XX,.,,..,.... 

. a,„, , , , . 

w««. a>a r.»™ ,x. a,,. „ ^ _ 

r>k-M <», ^ 

of a.ii.„ .... ..... ... ... ^ ^ ^ ^ ^ 

f~ p.rc«.t) <„X .... ... 

■ .5 «.r a™ t.„. X,. 

k...... a.. ^ ^ 

are discussed in SX. 




V. MTZSSK r^TTERN d(«E)/<ia 

A useful and interesting quantity is d(i£)/dQ. the angular 
distribution of total radiated fravitational wave energy. It is 
easily obtained (in symbols) by integrating diydH (given by equa- 
tion (dS}) over tine, 

• 

d(6E)/dn - ; dL/d2 dt . • (S2) 

The structure of d(d£}/dQ is the sane as the structure of 

dL/d::. 

d(iE)/d£l • (d^)*^(ei^«2‘vjrb^J{Rj.iv_(«ai/*)R2 

. (53) 

Rj is the ~/ N^dt” contribution; is the "/ S-iP^’^Sldt" contri- 
bution (post- 1/2 order); R- is the ”/ (Pj* V'>)^df’ contribution 
(post-N'ewtonian order), a.nd is the "/ N-(M)dt" contribution 
(post-Newtonian order). Expressions Rj, R^, Rj, and R^ are given 
by 

R, • (w/12S){<cos*e(73*50cos‘2?)»(l»cos^d)‘(73»SOsin^2#) 

♦ 4sin^9»32sin^e{l»cos^6)cos2p} , (S4) 

Rj ■ («/2S6)sine{4cos^6(-1137sin39cos2c*93cos2#sin9 

•7d7cos3dsin3p-7sin2«cosp)*(l*cos*'8)^(1137cos5dsin24 

- 93sin2^os^7S7sin3dco$2^'*7cos2>sind) 

2 2 

♦ sin 0(l*cos d)(S94sin29cos}-420cos2^sinp-lS4sin3d 

♦ <sin})*sin^6(-10dsind}) , (SS) 
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Rj - (i/12t)siB^d{cos^9(9416*24SOsia^3»*110sinVl2S4sin5«sia* 

* 34 cos 3 kos«)*^ (l*cos^«)^(»41b*24S0cas'5^110cos% 

- 12S4cos54cos4*34sia34sia4}*sin^6(l»cos^9)(-2S-lt2cos^9 

* 1823cos5pcos4*2SlSsiB34sin9)*sin*6(723*34sia%)), (S6) 

R^- (T/2S6)(2cos‘e[(162:«147eu/e)-(d4:4*472w/«) ia^2#l 

* 2 Acos*'&sia^ 9 (21 &*420cos^2^-21S7cos4$cos2c- 1662si»48siB39 

* 101cos2a)<(l«cos^e)^((ai0«738ti/a)-(1212*236ti/a)cos"29) 

* sin^S (1 •cos*'0) [ (- 1 296*S0<Wa}cos24] *sia*0(-2e4 •ISu/*} 

* A(l»cos'‘d)^sin'^0(lOS»2lOsin“24-79.Scos20-S31cos4xos2# 

- lJ93.Ssl-a0tia20)*AsiBS(l*cvs'e)(-67S-21Osin^2« 

* 106cos2( 147cos40)*Asir.^0(S6-129cos20)) (S7) 

Fomuia (S3) for d(6E}/dM is accurate through post-Newtoaioa 
order (errors of OC* ^]). In SX ee show bow this accuracy can be 
increased to pcst-5/2 order (errors cf 0l»^^ ]) with the use of 
a "trick". Therefore, if one wishes to coefxite d(dC)/d3 the pro- 
cedure la )X should be followed to obtain the best accuracy. 

Figure 2 shows the antenna* patterns for « ■ 0 (the v^- 

depcndence has been factored out; this pattern represents the 
Kcwtoniaa contribution], v_ ■ O.S a.-ad ■ Sj, and v^ >0.5 and 
^ (the pattern for ^ e| was coopated using the procedure 
in f X). For cooparisoa the antenna pattern for elect roxagnctic 
breasstrahlung, v^ >0.5 and ^ *| electron passing a 

heavy nucleus), is alto shown in Figure 2. The difference between 
dipole and quadnqMle radiation is very apparent, a coaparison of 
the radiation pattern in the orbital plane to the correspoodiag 



result* of Peters (his only avsilrble results are in the orbital 
plane. 1970) is presented in iX. 



VI. RADIATEI) BSaCt SPECTHM 4(5E)/do 


The total ener£y radiated per solid angle can be written as 



“*• s. ^ r 




(S«) 


If we write 

m 

3h^(t)/3t - (2w)*^ / e*^** du. . (59) 

3h^(t)/Jt - (2e)** / V^(w) ***•* 6u . (60) 


then equation (S3) can be written as 


d(«£)/d2 - (a^/16r*) / (IV (w)l^ dw . (61j 

0 

by the use of Parseval's theorea. Define o (dineasionless fre* 
quency) by o ■ ux and integrate equation (61) over solid angle. | 

Then d(6E}/d? can be written as i 

d(£E)/do . (4r^)'‘(nj^^yb^){Ej.ivJ(i(in/n)*E,»Ejl). (62) j 

E| is the Newtonian contribution to the spectrvA; Ej and arc 
the post-Sewtonian 'contributions give by 

Ej • (8e/lS)(12iCj-3C5)*.5(Sj*6£5)^*S . (o5) 1 


i (6a/n)‘Ej»Ej - (64»/105)([-(97-4gi./n)Cj^.(425-SMu/n)Cjr. 

- (105-590p/n)CjCy-(5«.S*18i«/n)Cj^.{S2t.7S-2205ii/n)C,C^ 
• (562 . S-2250u/n)C^^l • [- (52- 18y/n)Sj*- (222-204»i/.)SjSj 


(cont'd) 




I 


squared teres. These contributims are. 


^’-'L j • Ts-(-) [LiHio)]’- 


w.here represent the various eultipole contributions, 

- Ej -|g v.^{t(10<>-96u/a)C3^.(411-540u/.)CjC5 
. 50AC.C7*252AC5‘-9CAC^C,] ♦ I C Ja- 22u/n) (222- 2Ml./n>S 

-15AS3S^-207AS5^-9CAS^S^]} . (71) 

H'2) ■ 

[ ^ {(32Cj^»4S0CjC5*2070Cj^-900CjC^-742SC5C^ 

\L» 3i 

♦67SOC,^)*(12Sj^*4SOSjS^-45S5 ^- 675555 ^ ♦67S0S,*)} . (73) 


Fieure 6 shows the energy spectnin d(SE)/d‘i for v_ ■ 0 (the 
Newtooian v^-dependence is factored out, so this curve corresponds 
to the Newtonian contribution only), and v_ * 0.5 for Mj ■ and 
fli^ ^ Bj- The prisuy effect of the post-5iewtocian contributions 
is to flatten the spectrua near o > 0. Figure 7 exhibits the 
nultipole .structure of the energy spectrua. The "electric" wtlti- 
poles doeunate the "nagnetic" aultipoles. and even at ■ r.S the 
L ■ 2 "electric” contribution is the dominant one. 
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VII. TOTAL E.NERGY RADIATED fiE 

The tot«l energy released In gravitational radiation can be 
cosputed by integrating the power over time. The result (also 
given in WW, e<js. [13] and [14]; note the correction of the original 
result) Is 

2 2 
b 

where 

g(u/n) “ 404 / 2S9 ♦ jt6a/a)^ 

- (1/1036) {2393-3108u/m> . (7S) 

and 

1.56 < g{li/m) < 2.31 . (76) 


Figure 8 shows fiE plotted as a function of v^ for > a^. 

Three curves are shown: the Newtonian result, the Newtonian ♦ post- 

.Sewtonian result (equation 39), and the ?eters-CT result. For 

small v^ all three curves coalesce; at v^ *0.25 the Newtonian 

result begins to deviate significantly ( n. lOV) from the Peters-rr 

curve, and finally at v^ « 0.5 the post-Newtonian result of this 

paper begins to deviate significantly ( 15\). Neither Kovacs and 

Thorne nor Peters were able to supply us with tabular data. Peters 

Q, ^ kindly supplied us with a figure (from Peters 1970) and we plotted 

5 ouf results or* this figure. Note : the energy scale was labeled 

■at V*. , 

5C ^ too small by a factor of 10 when it appeared in Peters (1970). 
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VIII. TOE ZERO FREQL'ENa LIMIT 


Using a quant urn- mechanical technique, Smarr (197'*) has 


evaluated the zero- frequency limit (ZFL) of the gravitational 


bremsstrahlung spectrum for m^ > m^ and arbitrary velocities. In 


our post-Newtonian formalisa, this limit may be evaluated by noting 
that the quantities that determine the ZFL are ?|<^(0) and ?^^(0), 


(cf. eqs. [59] and [60]). These quantities are simply the 


differences in the corresponding h's between t ■ -« and t ■ 


that is. 




Combining equations (20)-(31), (61) and (77) we obtain 


A)(«. - .. ^ 

V b 




« cos^e»sin^6sin^6 , “ sin6(2-3sin^6cos%) 


2 2 2 2 
• l*3sin 6-9sim Btin #cos 6 , 


■ (3*2u/a)(cos^e*sin^esin*6) 


- 2(l-3u/a)sin^9sin^4vl-2sin^0cos%) . 


Integration over solid angle yields 


d(6E(0)J/do - (32/5v)(mjV\/b^(l*^ vj) 



1 


P 


h 


For the tase thwe results are in coa;>!ete asreenent with 

the post-.Newtoniaa limit of Smart's equations (2.12) an«3 (2.13) 
(after rcconcilint our different coordinate systems), (lowever. 

Soarr *oes on to use equation (2. IS) to estimate the total 
brensstrahlun* enerf/ by defining a cut-off frequency - 
3.8(l-v^ ) and writing 

4C « d(«E(0)l/da . jgjj 

The factor 3.8 was chosen to fit the low-vclocity. Kevtonian 
results. But for ultrarelativistic velocities. .Saarr and Peters-ICT 
dlsagrcv on the velocity dependence of £E. KT interpret the di.s- 
3?reeaent as being due to Stcirr's incorrect use of an angle- 
independent cut-off frequency. Because of beaming effects, 
different frequencies dominate the spectrum in different directions; 
our frequency spectra shown in Figure 7 illustrate this dependence 
of o^ on a.iglt (or multipole) even at low velocities. Furthermore. ' 
our equations (74) and (SO) may be combined to yield an effective 
average cut-off frequency, given by 

<o^> . 4C(d[6E(0)J/do)*^ . 3.8(1 - v_^) . (82) 

This average cut-off frequency. <o^>. does not agree with the post- 
Newtonian limit of Smart's nor does it have an obvious inter- 
pretation as t.be post-Newtonian limit of a relativistic expression 
of a simple form envisioned by Smart. 
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IX. UNIVERSALITY CF GRAVITATIONAL SRL'tSSTRAHLlWG 


Using the post-linear formalism, Kovacs and Thome (1977) 
discovered that the gei.eral gravitational bremsstrahlung waveform 
could be written as 

■(2/R)ClV*‘> ^ • (83) 

<^«re , f-inction of frame- invariant quantities associated 

with the straight-line unperturbed orbits (such as particle four- 
velocities, proper times measured along particle world lines, etc.), 
but is not a function of the masses a.nd Thus. ^ is a 
"universal" function of orbital parameters. On the other hand, tr.e 
post-Ncwtonian form of given in equation (16) contains explicit 
mass dependence (terms irvolving &a/m and p/m). This is simply 
because we chose to locate the origin of our coordinates at the 
center-of-mass of the system. Our post -.Newtonian waveform does 
in fact obey the universality predicted ty rr. To show this, we 
have rederived the post-Newtonian equations of motion and the 
gravitational wavefom, using a more ge.wal coordinate origin, 
in which the center of mass of the system moves according to 

“ i lol^) (84) 

where r^(t) * be^ ♦ v^te^. Since the use of a moving center of 
mass will affect only post-Newtonian terms, we can use Newtonian 
variables to describe it. The origin of this coordinate system 
lies along the line joining the unperturbed positions of the two 
bodies. Following NT. it is useful to define the midpoint or the 
center-of-ve!ocity of the orbit by ] 
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?cv 




l2> 


Ycv 






(8S) 


“here rj(rj) md Vj(yj) are the position and velocity of 
Then in our new coordinate systee, the center of velocity noves 
according to 


lot 



( 86 ) 


If a ■ 1 (-1), the coordinates are centered on and at rest with 
respect to particle 2 (1); if a > 0 the coordinates are centered 
on the center-of-velocity; if a « -tm/m, the coordinates are 
centered on the center of nass. To keep the resulting foraulas 
sinple we have not considered an arbitrary velocity Vq for the 
center of nass or an arbitrary constant shift X^j in its location. 
Universality can be verified even in this ware general case. The 
use of a noving center of ma^s (eq. [84J) produces nodifications 
in the post -Newt c>riii 4 corrections to the e<;uations of notion (W 
e<j. [38]i and additional contributions to the wavefora given in 
NX, cq. (97). After dropping the constant teras fron h^. and 
xaking use of the relation v^^/e • a/b, we obtain the final result 

h|j(t) - (2»ja2/Rb) [(4\^^6^^y-2cosxrV) 

- av,{3cosx(n*?)(2f^^«'*^’'-sinxf'f^)-25^^6'^^(n*I) 

- ny(4J^^5J^y.cosxfV)] 

■ j l^*(k-o")cos^X]^®*X^'^*(7*a^)cosxsinxf 

- J (l-8a^)cosxI2«^^4^^.(l-3sin^X)^^?^-<»lnx?^^«^^’^J 

(cont'd) 


♦ ^ (l*3a^)I12ny(n*X)«^’^6^’'*12ny^k^^fi^^’^-2n^^cosxfV 

- 4n^(n*f)cosx(8?^*«^^’^-3sinx*V) 

- (n*f)^cosx(14«^>^6^^-3f^f^*X5sin^X?^f^ 

- SOsinxf^V^^)]}].^ . (87) 

The only nass dependence in equation (87) is in the overall 
factor and the wavefora depends on the velocity of the center of 
velocity in the chosen fraxe (a), hence our result does satisfy 
the universality property found by XT. The wavefora given in ill 
equation (16) is i&erely equation (87) evaluated in the centcr-of- 
■ass fraae, where a ■ -&a/a and > l-4p/a. 

Although equation (87) allows one to deteraine h|.| ia any 
fraae, the two-body systea does select three ’*preferred** fraaes, 
the rest-fraae of one body (o » il), the center-of-velocity fraae 
(a • 0) and the center-of-nass fraM (a ■ -ia/a) in which the 
gravitational brcasst rah lung has special characteristics. These 
characteristics are suasarized in Table 1. One conclusion that 
can be drawn fro* the property of universality is that Peters* 
foraiulae, tdtile derived assuming (test-body perturbations 

of Schwarzschi Id) . are actually valid for arbitrary aiass ratios, 
with the observer in the rest fraae of one body. The numerical 
coiqiarison that XT made with Peters ca^loyed CT's waveforms eval- 
uated in the rest-fraae of one body. Our numerical comparison with 
XT also used rest-fraae formulae and universality makes our 
agreement with their results coiqiletely general. 




3. 
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X. 


BOOST 


The universality discussed in the previous section provides a 
Beans of isproving the accuracy of the post-Newtonian foraalisp, 
froB errors of 0(v^^) to erro--s of 0(v_^). Because the wavefon 
h:j^ depends only an the velocity of the coordinate systea relative 
to the bodies, its font in different frames nay be obtained by 
Lorentz transfoi lations (because we work to first order in m/R), 
plus a possible additional gauge transformation tc preserve the TT 
gauge. In the center-of-velocity frame (o » 0), h^ has cosplete 
front-back sywootry, thus contains no terms of odd order in v^, 

4 

and so the post -.Newtonian method makes errors of 0(v^ ) instead of 
Thcrei'ore, an exact Lorentt boost to a frars of arbitrary 
o will yield h^ (modulo gauge transformations) correct through 
0(v^*), for arbitrary mass ratios, tie have tested this improved 
accuracy numerically by a comparison with the Peters-KT results. 
However, because of the possible gauge coapli';ations involving 
h.|^, we have performed a boost only on the luminosity dL/dil and the 
antenna pattern d(5£)/dii (both are gauge invariant quantities). 
Consider the brensst rah lung process in the center-of-velocity fraa« 
and perform a boost along the orbital direction with velocity 
u ■ 6v e , then 

«-y 

fiE* • 7 SE(l-u*n), dll' « y*^(l-u*n)*^ dC , 

dt' ■ 7”'{l-u*n)'^ dt , (SB) 

2 • 1/2 

where n is the direction to the observer, and y « (1-u ) . In 

the new frame, the relative velocity at infinite separation v^* 
has the form 


U 


yj ■ I(v^-6vJ(l-Bv^Vj)‘ ♦(V2»6 v_)(1*Sv^Vj) 

- . (**5 

To the necessary order 0(v^*), we may write In place of equation 
( 89 ) 

V. • vJ(l*S^vJ^) . (W) 

Then we find that 

dL'/dC’l^ . - Y‘‘(l-8v,nyJ* dL/dQl^ . (»1) 

d(«E')/dfl’I^ . « Y’(l-8v^»y)* <J(«E)/dO|^ , (92) 

where v^ and v_* are related by equation (90) and dL/dfi and 
d(5E)/dQ are to be evaluated in the center-of-velocity frame. 

Since dL/dQ and d(8£)/da in the center-of-velocity frame (obtainri 
from equations I4S) and [S3] with m^ « m^) are accurate through 
0(v^^), the "doppler- shift expressions" (equations [91J and (92J) 
generate the correct 0(v^^) terns in the boosted patterns dL'/d2* 
and d(5E’)/d0'. By boosting to the rest frame of particle 2. 

6 > . y , we can corpare the boosted antenna patterns with those 
presented graphically by Peters (1970), and with the standard rest- 
frame or "Bj ^ »j” post-Mewtonian patterns eveluated from equations 
(S3) with 6a/m ■ -1 and • O- Th'l comparison for patterns in 
the orbital plane, and for velocities up to v^ • O.S, is shown in 
Figure 9, and demonstrates the improved agreement with the exact 
results of Peters-KovSes and Thorne. The lumanosity shown in 
Figure 4(b) was also calculated using this method. 
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Finally, one further verification of the universality of 
gravitational brensstrahlung »ay Ue cade by integrating equation 


(92) over solid angle, to obtain (dropping prines) 


■ 


2 2 
“l ®2 




The quantity 5E is the total energy radiated as seen in a fraae 

noving at velocity u ■ Bv^e with respect to the center-of-velocity 

1 2 1 

frarie. In the center-of-cass fraae, 8 • j5«/n. 3 »j(l-*u/») and 
we recover equations (74) and (75). 


XI. CONCLUDIKG REMARKS 


i 


We have presented a detailed analysis of gravitational 
brensstrahlung at the po$t->lewtonian level, and have coopared our 
results with those obtained using nore accurate, although nore 
cosplicated, techniques. In oaking these conparisons, we have 
found as a rule that the post -Newtonian nethod alone is aiost relia- 
ble when dealing with equal casses in the center-of-nass fri*e 
(or equivalently when working with arbitrary nasses in the center- 
oF-velocity fraae) and least reliable when dealing with test 
Basses (Bj > Uj) in the center-of-aass fraae (or with arbitrary 
Basses in either rest fraae). (In this sense, the nuaerical coa- | 

parisons that we discussed in SI I represent a worst case for errors.) 

There are essentially three -,«asons for this (i) for equal aasses 
or in the center-of-velocity fraae the waveforas are autoaatically 
Dore accurate, with errors of 0(v^ ) instead of 0(v^ ), (ii) the 
velocities of the individual particles in the center-of-velocity 
fraite are each one half their relative velocity v^, so for a given 

V the systea is not as "relativistic” as aight have been expected, - 
•• ■ 1 
and (iii) the absence of strong beaaing in the center-of-velocity , 

fraae is well suited to the post-Newtonian aethod which contains 

only a Halted nuaber of oultipoles (L • 4), and so has difficulty 


"Bocking up" strongly beaacd radiation. For this reason, the 
property of universality is crucial to obtaining the best accuracy, 
by peraitting exact Lorentz boosts of center-of-velocity foraulac, 
and yielding results autoaatically accurate thrc>ugh 0(v^*). We 
have atterptei to eiqiloit this feature wherever possible. 


1 ^ 1 

f- 
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APPEKDix 

given by CWagoner 1976) 




The functions ,nd are 


V " -4 * ) y 

" ^ 2 ^ *LM • 


(Al) 

(A2) 


(A5) 


(A4) 


“iX ■ * ^ W - “*e ) Ty, . 

C . [2L(Ul)a-l)(U2),*V=^ 

*’“'• «~'""r (..77, k.. . 

-.p. hi. ^ ^ 

Ilm* related to Wagoner's by 


iS-ia>. tS.-.t,‘:>. 


ilM 


(AS) 


PM. M. id».i,„ 


- (•■)" 7<^-“>’ . 


* (A6) 

so that it is sufficient to eive tk* . 

w> five the tensor spherical harwnics 

only for M > 0. for L . 2 they are 

T^2 - ‘*^^2“*J*'^<(**«>s26)(w-H).21coi8(«$.6«))e2i9 , 
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- (lS/64ir)^^^{sin^e (§§-;$)} . (A9) 

T®2 - (5/128Tr)^^^{2icos9(ee-55)-(l*cos^e)(e$*55)}*^^* . (AID) 

T®‘ • (S/52if)^‘'’{ifinO(a9-5$)-sinecose(9«40))e^* . (All) 

T®2(j - -(15/64«)^^^iin^0(5$*^) . (A12) 

For L « 3 they «re 

Tjj • -(21/256r)^^^sin0{(l*cos^d)(§§-oS) 

* 2icos9(e5*$6)}e^^^ , (A13) 

■ (7/128iT)*^^{cose(3cos^e-lH§0-c5) 

• 2i(2cos‘9-i)(90*5e)}e‘^^ , (AU) 

Tjj - (3S/2S6s)^^^sin9{(3cos^e-l)(0e-O«) 

♦ 2icos9(e$*$3))e^^ . (AIS) 

T“ • (105/64-r)*' cos9sin 6(09-^) , (A16) ^ 

T®j « -(21/2S6it)^^^sin0{2icos9(ea-5$) 

- (i*cos“e)(e3*$e))e^^^ , (ai7) 

• (7/128r)^^2{2i(2cos^e-l)(6e-S«) 

- cosdl3cos^0-lX99*O8)}«^^^ • (A18) 

Tjj • (3S/2S6it) ' ^sin0{2icos6(ca-9^) 

- (3cos*0-l){6$*iS)}e^^ , (A19) 

Tjg • -(lCS/64r)^^^cos0sin’0C0O*«5) . • (A20) 

Finally, for L « 4 they are 




1 

- (63/S12e)^^^iin^e{(l»cos^e)(08-#i) 

* 2icos0(99»ie)le^** . (A21) 

T^j - -(63/2S6e)^^^sin0{2cos^8(00-99) 

♦ i(3cos 6-l)(09*9O)}« ’ . (A22) 

T^2 ■ (9/128»)^^^{(7cos^e-6vOsVl)(W-5o) 

• icos0(7cos^6-5)(e34e)}e^^* . (A23) 

t!? - (9/2S6e)^^^sine{2cos0(7cos^6-4)(O0-39) 

'>41 

♦ iC7cosVl)(e540)l*^* . (W4) 

T^q - -{4S/2S6*)^^^{7co8^e-8cos^6*l)(e0-«9) . (A2S) 

- (63/512*) ^^^$in^e{2icos6(§S-i5) 

- (I'COS^OlCOi'Je)}#*^* , (A26) 

t!? ■ -(63/2S6*)^'^siiie{l(3cos^0-l)(69-O9) 

•-43 

- 2cos^0(o3»3i)}*^^^ . (A27) 

- (9/128»)^^^{ico*9(7cosV5)(06*J5) 

- (7co$^e-6cos^6«l)(0#-Je)}«^‘* , (A28) 

' (9/256«)^^aine{i(7cos^6-l)(68-$i) 

- 2cose(7co$^6-4)(0«*5e)}*** , (A29) 

tJq - (45/2S6*)^^^(7cos^e-8cos^0*l)(a34l) . (A30) 
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TABU 1 



Value of o Fraae 


Characteristics of 
Post-Newtonian 
Breasstrahlung 


Other 

Methods 


«L,). Front -back as^-aretry (1977) 

(beaving)' Identical 
to results in CM frane it 

»2 ^ 


Center-of- 

Velocity 

Frace 


Results universal (i.e. 
h independei.t of »j and 

■j) . No front-back 
asymetiy. NoO(vJ, 
0(v_^) terns - results 

correct to 0(v^*). Sa»e 

as results in CM frane if 


kAvacs and 
Thome 
(1277b) 


Center-of- 
Kass Frare 


NavefoTT n depends on 
and Bj. If B, - Bj. 
a - 0, If Bj > (< ) 
a ■ (-!)• 


FIGUK CAPTIOrfi 


1. -n» . 

„ P.— - ■ P— 

pu~) .. «• 

. . «•. , . i. p>““ “* *” 

0 . 0 and ♦ • ^90. Tb* orbit is shown for reference. 
between $ • 0 aac e 

C2m B^Rb) on the h-aais and St oa 
Each scale mark represents (2*iV ‘ 

1H. .ur... - •- ■ ‘■7‘“ 

CUT«. ““ “* 

w , fp«e of B, for arbitrary eass ratio, 
seen in the rest fra»e ot b^ 

P,, 2. Antenna patterns. d(U)/d. (unnor-aliaed) ; the sBall.st 

lobes lie in the orbital plan. «id the arm- repres^it. the 
direction of .,-s velocity. In (•) the Newtoni«i pattern is 
pictured (V. - 0). In (b) the antenna pattern for v. - 0. 
seen in the CM frane for b^ - b, ( * pettem 

seen in the center- of -velocity fr..e for arbitrary .as. ratio) 

I, shown. Note the front-back syeetry *nd broadening of the 
lobes relative to (a). Pictured in (c) is the pattern for 

. 0.S seen- in the CM fra-e for 
tie rest fr..^ of b^ for arbitrary .ass rttio). Note the 

« •« travel. For coaparisoB, 
strong beaming in the direction of .j * travel. 

_ electroaatnetic brewstrahlung is 

the antenna patter* fro. electroaaa« 

tor . > « »d V - 0.5 in the rest frane of 
shown in (d) tor Bj .j • 

(b, is indicated by the dot). 

throuebout this paper. The 
Fig. 5. The coordinate syste. use- throu* 

- 1 n is the observation dircctio*. 

Ky.plane is the orbital plane, n is tne 

wii 5 and ♦ nre unit basis ve-.tors. 
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Fig. 4. The luminosity, (dL/dn)/[Bj^m,^v^^/b*J , shown at 

t ■ 0.0 (solid) . 0.25 x (broken), and O.SO x (dotted) for 
• 0.5. The patterns for t ■ -0.25 X and t »-0.SO X can be 
obtained by reflecting the patterns for t • 0.25 x and 
t ■ 0.50 X across the vertical axis. In (a) the luminosity 
is shown in the CM frame with Sj • m, ( = luminosity seen in 
the center-of- velocity frame fo- arbitrary mass ratio). In 
(b) the luminosity is shown in the CM frame with m, > Ej 
{ ® luminosity seen in the rest frame of n, for arbitrary mass 
ratio). The curves drawn in (b) were obtained using the 
"trick” described in SX. 

Fig. 5. The power in units of mj^m^^/b^ plotted as a function of 
t/x in the CM fra-ne for m., > ( * power seen in the rest 

frame of m, for arbitrary sass ratio' and v^ « 0.1, 0.2, 0.35, 
and 0.5. The curves are the post-Newtonian results; the sym- 
bols represent Peters* results. Up to v^ • 0.35 the 
differences are too small to show graphically, he have plotted 
our results on a figure supplied by Peters. 

Fig. 6. The energy spectrum, d(SE)/do, plotted in units of 

mi^./v^b’ as a fu.nction of dimensionless frequency o ( ^ ux). 
The solid curve represents the Newtonian result (v_ • 0). The 
broken and dotted curves represent our post-.Newtonian results 
for v^ » 0.5 and for m^ > and • Bj respectively. The 
post -.Newtonian contributions tend to flatten the spectnaa near 
o > 0. 

Fig. 7. The aultipole structure of the energy spectrum 

for « 0.5 and nultipole contribution is 


plotted in units of ^b^ as a function of o ( ■ let). 

.Mote that each nultipole has a different frequency dependence. 

Fig. S. The total energy radiated in units of as a 

function of v for e^ ^ The Newtonian results begin to 
deviate froa Peters-Kovacs and Thorne at * 0.25 and our 
post-.\ewtorian results (equation [74]} begin to deviate at 
V *0.5. The Newtonian and post-Kewtonian results were 
plotted on a figure supplied to us by Peters. 

Fig. 9. The antenna pattern, (d(6E)/dil]/[Bj^a^^v^b^J, in the 

orbital plarc with n^ ^ b^ and • 0.2 (a), > 0.35 (b), 

and v^ « O.S (c). The dotted curves represent Peters' results. 
The broken cruves are the post-Newtonian results fron equation 
(S3) and are accurate through 0(v^^}. The solid curves arc 
the results obtained by the boost described in SX and are 
accurate through 0(v_^). The boost significantly iaproves 
the eccuracy. 
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